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Abstract
The structure of one-loop divergences of two-dimensional dilaton-Maxwell quantum
gravity is investigated in two formalisms: one using a convenient effective action and the
other a unique effective action. The one-loop divergences (including surface divergences)
of the convenient effective action are calculated in three different covariant gauges: (i)
De Witt, (ii) Ω-degenerate De Witt, and (iii) simplest covariant. The on-shell effective
action is given by surface divergences only (finiteness of the S-matrix), which yet depend
upon the gauge condition choice. Off-shell renormalizability is discussed and classes of
renormalizable dilaton and Maxwell potentials are found which coincide in the cases of
convenient and unique effective actions. A detailed comparison of both situations, i.e.
convenient vs. unique effective action, is given. As an extension of the procedure, the
one-loop effective action in two-dimensional dilaton-Yang-Mills gravity is calculated.
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1 Introduction
Black hole physics and early universe physics are issues in which quantum gravity effects
are expected to be significant. Some years have elapsed since the earliest attempts [1-
3] and we still do not have a consistent description of quantum black holes (specially,
of their final states). One of the main reasons is that gravity must be quantized for
such considerations; however, Einstenian quantum gravity is not consistent due to non-
renormalizability in four dimensions, and modifications of the same still have similar (or
sometimes additional) drawbacks.
In such situation it is quite advisable to study solvable toy models where all these
problems may be simplified drastically while keeping still many of the good properties
of the more realistic theory. Two-dimensional (2d) quantum gravity with matter can be
considered as such a toy model [4]. This theory is multiplicatively renormalizable, and
contains black holes and Hawking radiation [1]. Starting from the seminal work of Callan,
Giddings, Harvey and Strominger (CGHS) [4] where these properties were first realized,
some interesting additional results about the CGHS model and its modifications [5-7] have
been obtained (for a review, see [7]). In particular, 2d black holes —previously found in
the string context [8] (for an earlier discussion, see [31])— and their properties have been
investigated intensively.
In Refs. [9,11] black hole solutions have been obtained in 2d dilaton-Maxwell gravity
with the action
S = −
∫
d2x
√
g
[
1
2
gµν∇µΦ∇νΦ+ CRΦ + V (Φ) + 1
4
f(Φ)gµαgνβFµνFαβ
]
. (1)
where Fµν = ∂µAν − ∂νAµ, Φ is the dilaton, and V (Φ) and f(Φ) are the dilatonic and
Maxwell potentials, respectively. Model (1) is connected (via some compactification) with
the four-dimensional Einstein-Maxwell theory, which admits charged black hole solutions
[10]. Particular cases of (1) describe the bosonic string effective action (Aµ = 0) and the
heterotic string effective action (Aµ 6= 0). The renormalization structure of 2d dilaton
gravity in covariant gauges has been investigated in Refs. [12-15]. It has been shown
there that the theory is multiplicatively renormalizable off-shell for the Liuoville dilaton
potential (for some specific choices of the parameters the theory is even finite [14]). More-
over, the one-loop on-shell effective action is given by surface counterterms only; that is
why the one-loop S-matrix is finite, as in 4d Einstein gravity [18]. This shows explicitly
that 2d quantum gravity can be a very good laboratory for studying the formal structure
of quantum field theory.
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In the present paper we investigate the renormalization structure of 2d dilaton-Maxwell
gravity (1). In Sec. 2, we calculate the one-loop divergences of this convenient effective
action in two covariant gauges (one of which is De Witt’s gauge). All surface divergences
are taken into account in this consideration. (Note that similar calculation in a simplest
covariant gauge have been done in Refs. [11,16]). These terms may be important in the
discussion of the Casimir effect [25]. In Sect. 3 we calculate the one-loop divergences
in the unique effective action formalism [19,20] (see [21] for a review), which gives a
parametrization and gauge independent result. Finally, Sect. 4 is devoted to discussions
and to a comparison of the results obtained in the two formalisms. In an Appendix we
obtain the one-loop divergences of 2d Yang-Mills dilaton gravity in the simplest covariant
gauge.
2 One-loop divergences of 2d dilaton-Maxwell grav-
ity in the convenient effective action formalism
In this section we calculate the one-loop divergences (including surface divergences) of
the convenient effective action (1) for 2d dilaton-Maxwell gravity in the covariant gauge.
The classical dynamics of the theory are defined by the following field equations
∇µ(fF µν) = 0, −∆Φ + CRΦ+ V ′(Φ) + 1
4
f ′(Φ)F 2µν = 0,
−1
2
(∇αΦ)(∇βΦ) + 1
4
gαβ∇µΦ∇µΦ + C(∇α∇β − gαβ∆)Φ (2)
+
1
2
gαβV +
1
8
gαβfF 2µν −
1
2
fF αµF
βµ = 0.
These equations wil be used in the discussion of the on-shell effective action.
The analysis of one-loop divergences is most conveniently carried out within the back-
ground field method. The fields are split into their quantum and background parts,
Φ −→ Φ¯ = Φ + ϕ, Aµ −→ A¯µ = Aµ +Qµ, gµν −→ g¯µν = gµν + hµν , (3)
where the second terms ϕ, Qµ and hµν are the quantum fields. In what follows we shall
use the dynamical variables h = gµνhµν and h¯µν = hµν − 12hgµν , rather than hµν .
In order to make contact with Ref. [15] —where the one-loop divergences (including
the surface contributions) in the absence of the Maxwell terms have been calculated— we
add to the action the following term
∆S = −C ξ
∫
d2x
√
g
[
Φh¯µν(R
µν − 1
2
Rgµν)
]
, (4)
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where ξ is an arbitrary parameter. Owing to the 2d identity Rµν − 12Rgµν = 0, expression
(4) is obviously zero. The authors of ref.[15] do not have a clear interpretation of (4),
which looks very similar to a kind of Wess-Zumino topological term. (However,they failed
to find the classical counterpart for (4).) Notice that at any stage of the calculation,
ξ may be taken to be equal to zero. Notice also that the second variation of (4) may
be important in order to represent the differential operator corresponding to the second
variation of the classical action in a minimal form.Anyway,as we will see ξ ( or more
exactly γ whatever its origin is) does not appear in renormalized effective action.
Let us now proceed with the construction of the De Witt covariant gauge, χA, where
A = (∗, µ). This gauge will fix the U(1) transformations and the general covariant trans-
formations
δ∗Qµ = −∇µω∗ , δ∗ϕ = δ∗h = δ∗h¯µν = 0,
δQµ = −(∇νAµ)ων − Aν∇µων , δh = −2∇µωµ, (5)
δh¯µν = −(gµλ∇ν + gνλ∇µ − gµν∇λ)ωλ, δϕ = −(∇µΦ)ωλ,
where ωA = (ω
∗, ωµ) are parameters of the gauge transformations.
In order to construct the De Witt covariant gauge we need the metric on the space
of fields ϕi = (Qµ, ϕ, h, h¯µν) [24]. It is known that this metric contains an ambiguity in
its definition. In particular, sometimes this metric is chosen to coincide with a matrix of
higher derivatives of the quadratic expansion of the classical action [19]. (Notice that this
ambiguity leads to a field space metric dependence of the unique effective action [23].)
In the case under discussion the natural choice of this metric Gij is
Gij =
√
g

Ω(Φ)gµν 0 0 0
0 Θ(Φ) C/2 0
0 C/2 0 0
0 0 0 γΦP µν,ρσ
 , (6)
where γ = C
2
(ξ − 1), P µν,ρσ = δµν,ρσ − 1
2
gµνgρσ, and the functions Ω(Φ) and Θ(Φ) are
arbitrary but sign preserving (this is the ambiguity in the definition of the configuration
space metric Gij).
The De Witt gauge is defined by the following condition
δχA
δϕi
= −(c−1)AB∇JBGij , (7)
where the gauge group operators are
∇Qµ∗ = ∇µ , ∇Qµµ = Fµλ + Aλ∇µ,
4
∇ϕµ = −(∇µΦ), ∇hµ = 2∇µ, ∇h¯µνλ = 2gλµ∇ν − gµν∇λ. (8)
Notice that the symmmetry group is obviously not the direct product of the U(1) group
and the group of general covariant transformations, although U(1) is certainly an invariant
subgroup of it. Then, it is natural to choose the non-diagonal matrix
cAB =
Ω2
f
√
g
(
1 Aν
Aµ AµAν +
2γΦf
Ω2
gµν
)
, (9)
which has a Kaluza-Klein structure [24]. (In other words, our choice of cAB leads to a
natural embedding of both gµν and Aν into a multidimensional metric.) Due to the
exact dependence of cAB on Aµ this matrix is not covariant. However
det cAB =
2γΦΩ2
f
√
g
. (10)
The inverse matrix is given by
(
c−1
)AB
=
1
2γΦ
√
g
( 2γΦf
Ω2
+ AλA
λ −Aν
−Aµ gµν
)
. (11)
Finally, from (7), (8), (11), we find
SGF = −1
2
∫
d2x c
AB
χAχB, (12)
where
χ∗ = − f
Ω
∇µQµ − f
Ω2
Ω′(∇µΦ)Qµ + Ω
2γΦ
AλF
µλQµ − Θ
2γΦ
Aλ(∇λΦ)ϕ
+
C
2γΦ
Aλ∇λϕ− C
4γΦ
Aλ(∇λΦ)h+ Aµ∇νh¯µν + 1
Φ
Aµ(∇νΦ)h¯µν , (13)
χµ =
Ω
2γΦ
F µλQλ − C
2γΦ
∇µϕ + Θ
2γΦ
(∇µΦ)ϕ + C
4γΦ
(∇µΦ)h
−∇νh¯µν − 1
Φ
(∇νΦ)h¯µν .
Now the De Witt gauge appears to be minimal. After some tedious algebra, the total
quadratic expansion of the classical action can be calculated
S
(2)
tot = S
(2) +∆S(2) + SGF
= −1
2
∫
d2x
√
g
{
Qµ
[
− fgµα∆+
(
fΩ′
Ω
− f ′
)
(∇µΦ)∇α −
(
fΩ′
Ω
− f ′
)
(∇αΦ)∇µ
5
+(
2
fΩ′2
Ω2
− f
′Ω′
Ω
− fΩ
′′
Ω
)
(∇µΦ)(∇αΦ) + 1
2
f ′gµα(∆Φ)
+
1
2
fRgµα +
1
2
f ′′gµα(∇λΦ)(∇λΦ)− fΩ
′
Ω
(∇µ∇αΦ) + Ω
2
2γΦ
F µλ F
λα
]
Qα
+Qµ
[ ( ΩC
2γΦ
+ f ′
)
F µλ∇λ +
(
f ′
2
− ΩC
4γΦ
)
(∇λF µλ)
+
(
f ′′
2
+
ΩC
4γΦ2
− CΩ
′
4γΦ
− ΩΘ
2γΦ
)
F µλ(∇λΦ)
]
ϕ
+ϕ
[
−
(
ΩC
2γΦ
+ f ′
)
F αλ∇λ +
(
f ′
2
− ΩC
4γΦ
)
(∇λF αλ)
+
(
f ′′
2
+
ΩC
4γΦ2
− CΩ
′
4γΦ
− ΩΘ
2γΦ
)
F αλ(∇λΦ)
]
Qα
+Qµ
[
− 1
2
fF µλ∇λ − 1
4
f(∇λF µλ)−
(
1
4
f ′ +
ΩC
4γΦ
)
F µλ(∇λΦ)
]
h
+h
[1
2
fF αλ∇λ − 1
4
f(∇λF αλ)−
(
1
4
f ′ +
ΩC
4γΦ
)
F αλ(∇λΦ)
]
Qα
+Qµ
[
(Ω− f)F µα∇β − fgµβF αλ∇λ − 1
2
(f + Ω)(∇βF µα)
+
(
Ω
Φ
− Ω
′
2
− 1
2
f ′
)
F µα(∇βΦ)
−1
2
fgµβ(∇λF αλ)− 1
2
f ′gµβF αλ(∇λΦ)
]
h¯αβ
+h¯µν
[
− (Ω− f)F αµ∇ν + fgναF µλ∇λ − 1
2
(f + Ω)(∇νF αµ)
+
(
+
Ω
Φ
− Ω
′
2
− 1
2
f ′
)
F αµ(∇νΦ)
−1
2
fgνα(∇λF µλ)− 1
2
f ′gναF µλ(∇λΦ)
]
Qα
+ϕ
[
−
(
1 +
C2
2γΦ
)
∆+
(
CΘ
2γΦ
− C
2
4γΦ2
)
(∆Φ)
+
(
CΘ′
2γΦ
− CΘ
2γΦ2
+
C2
2γΦ3
+
Θ2
2γΦ
)
(∇λΦ)(∇λΦ) + V ′′ + 1
4
f ′′F 2
]
ϕ
6
+h
[C
4
(∆Φ) +
1
8
fF 2 +
C2
8γΦ
(∇λΦ)(∇λΦ)
]
h
+h
[
− C
2
∆− C
2
4γΦ
(∇λΦ)∇λ +
(
CΘ
4γΦ
− C
2
8γΦ2
)
(∇λΦ)(∇λΦ)
+
C2
8γΦ
(∆Φ) +
1
2
V ′ − 1
8
f ′F 2
]
ϕ
+ϕ
[
− C
2
∆ +
C2
4γΦ
(∇λΦ)∇λ +
(
CΘ
4γΦ
− C
2
8γΦ2
)
(∇λΦ)(∇λΦ)
+
C2
8γΦ
(∆Φ) +
1
2
V ′ − 1
8
f ′F 2
]
h
+h¯µν
[ (
Θ+
C
Φ
− 1
)
(∇µΦ)∇ν +
(
C
2Φ2
− Θ
Φ
+
Θ′
2
)
(∇µΦ)(∇νΦ)
+
(
Θ+ 1
2
− C
2Φ
)
(∇µ∇νΦ)− 1
2
f ′F µλF
νλ
]
ϕ
+ϕ
[
−
(
Θ+
C
Φ
− 1
)
(∇αΦ)∇β +
(
C
2Φ2
− Θ
Φ
+
Θ′
2
)
(∇αΦ)(∇βΦ)
+
(
Θ+ 1
2
− C
2Φ
)
(∇α∇βΦ)− 1
2
f ′F αλF
βλ
]
h¯αβ
+h¯µν
[ (1
4
− C
2γΦ
)
(∇µΦ)(∇νΦ) + 1
2
fF µλF
νλ
]
h
+h
[ (1
4
− C
2γΦ
)
(∇αΦ)(∇βΦ) + 1
2
fF αλF
βλ
]
h¯αβ
+h¯µν
[
− γΦδµν,αβ∆+
(
γ +
C
2
)
gνβ(∇µΦ)∇α
−
(
γ +
C
2
)
gνβ(∇αΦ)∇µ −
(
3
2
C + γ
)
gνβ(∇µ∇αΦ)
+
3
4
C(∆Φ)δµν,αβ − 1
4
δµν,αβ(∇λΦ)(∇λΦ)
+
(
1 +
2γ
Φ
)
gνβ(∇µΦ)(∇αΦ) + γΦRδµν,αβ − 1
2
V δµν,αβ
−1
8
fF 2δµν,αβ + gνβfF µλF
αλ +
1
2
fF µαF νβ
]
h¯αβ
}
. (14)
As is evident from (14), the total quadratic expansion of the action can be written as
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follows
− 1
2
ϕiHˆϕj ≡ −1
2
ϕi
[
Kˆij∆+ Lˆλ,ij∇λ + Mˆij
]
ϕj, (15)
where the explicit form of the operator Hˆ can readily be read off from Eq. (14). However,
the extra integrations by parts change the matrix elements of the operator Hˆ and can
destroy its desired properties (properly symmetrized, Hˆ should be hermitean). In order
to have this operator uniquely defined, the doubling trick by ’t Hooft and Veltman [18] is
very useful. A clear explanation of how to apply it in the present context can be found
in Refs. [13,14]. In fact, using this method amounts to the following redefinitions of the
operators in Hˆ (15):
Hˆ → Hˆ ′ = −Kˆ∆+ Lˆ′λ∇λ + Mˆ ′,
Lˆ′λ =
1
2
(Lˆλ − LˆTλ )−∇λKˆ,
Mˆ ′ = 1
2
(Mˆ + MˆT )− 1
2
∇λLˆTλ − 12∆Kˆ, (16)
where the operators of Hˆ ′ are given by
Kˆij = Gˆij
∣∣∣
Θ→1+C2/2γΦ
, (Kˆ−1)ij =
1√
g

1
f
gµα 0 0 0
0 0 2
C
0
0 2
C
−
(
4
C2
+ 2
γΦ
)
0
0 0 0 1
γΦ
Pµν,αβ
 , (17)
and
Lˆ′
λ
11 =
fΩ′ − f ′Ω
Ω
[
(∇µΦ)gαλ − (∇αΦ)gµλ
]
− f ′(∇λΦ)gµα ;
Lˆ′
λ
12 = −Lˆ′
λ
21 =
(
f ′ +
ΩC
2γΦ
)
F µλ ;
Lˆ′
λ
13 = −Lˆ′
λ
31 = −
1
2
fF µλ ;
Lˆ′
λ
14 = −Lˆ′
λ
41 = fF
λ
ωP
αβ,µω + (Ω− f)F µωP αβ,λω ;
Lˆ′
λ
22 =
(
C2
2γΦ2
− CΘ
γΦ
)
(∇λΦ) ;
Lˆ′
λ
23 = −Lˆ′
λ
32 =
C2
4γΦ
(∇λΦ) ;
Lˆ′
λ
24 = −Lˆ′
λ
42 =
(
1−Θ− C
Φ
)
(∇ωΦ)P αβ,λω ;
8
Lˆ′
λ
33 = −
C
2
(∇λΦ) ;
Lˆ′
λ
34 = −Lˆ′
λ
43 = 0 ;
Lˆ′
λ
44 =
(
C
2
+ γ
)
(∇ωΦ)
[
P µνωκP
αβ,λκ − P µν,λκP αβωκ
]
− 3C
2
(∇λΦ)P µν,αβ ;
Mˆ ′11 =
1
2
fRgµα +
(
2
fΩ′2
Ω2
− f
′Ω′
Ω
− fΩ
′′
Ω
)
(∇µΦ)(∇αΦ)
− fΩ
′
Ω
(∇µ∇αΦ) + Ω
2
2γΦ
F µλ Fλα ;
Mˆ ′23 = Mˆ ′32 =
(
CΘ
4γΦ
− C
2
8γΦ2
)
(∇λΦ)(∇λΦ) + C
2
8γΦ
(∆Φ) +
1
2
V ′ − 1
8
f ′F 2 ;
Mˆ ′33 =
C2
8γΦ
(∇λΦ)(∇λΦ) + 1
8
fF 2 ;
Mˆ ′44 =
[(
1 +
2γ
Φ
)
(∇λΦ)(∇ωΦ)−
(
γ +
3C
2
)
(∇λ∇ωΦ) + fFωρF λρ
]
P µν,ωκP αβλκ
+
[
−1
4
(∇λΦ)(∇λΦ) + γΦR − 1
2
V − 1
8
fF 2
]
P µν,αβ +
1
2
fF ωλF κρP µνωκP
αβ
λρ .(18)
The other components of Mˆ ′ are not essential for us since they do not contribute to the
divergencies of the efective action Γ.
Introducing the notations Eˆλ = −(1/2)Kˆ−1Lˆ′λ and Πˆ = −Kˆ−1Mˆ ′, the operator Hˆ ′
can be put in the form
Hˆ ′ = −Kˆ(1ˆ∆ + 2Eˆλ∇λ + Πˆ). (19)
The one-loop gravitational-Maxwell contribution to the effective action is given by the
standard expression:
Γdiv =
i
2
Tr ln Hˆ ′
∣∣∣
div
=
i
2
Tr ln (1ˆ∆ + 2Eˆλ∇λ + Πˆ)
∣∣∣
div
=
1
2ǫ
∫
d2xTr
[
Πˆ +
R
6
1ˆ− EˆλEˆλ −∇λEˆλ
]
(20)
where ǫ = 2π(n−2) and Tr ln(−Kˆ) gives a contribution proportional to δ(0), which is zero
in dimensional regularization. Notice that the term −∇λEˆλ is missing in the algorithm
(20) corresponding to Ref. [15]. This will lead to some disagreement in the surface terms
corresponding to the pure dilatonic sector, as compared with Ref. [15].
9
The components of Eˆλ and Πˆ can be easily evaluated from (18):
(Eˆλ)11 =
fΩ′ − f ′Ω
2fΩ
[
(∇αΦ)gλρ − (∇ρΦ)gαλ
]
+
f ′
2f
(∇λΦ)gαρ ;
(Eˆλ)12 = −
(
f ′
2f
+
ΩC
4γΦf
)
F λρ ;
(Eˆλ)13 =
1
4
F λρ ;
(Eˆλ)14 =
f − Ω
2f
FρωP
αβ,ρω − 1
2
F λωP αβρω ;
(Eˆλ)21 = −
f
2C
F αλ ;
(Eˆλ)22 =
C
4γΦ
(∇λΦ) ;
(Eˆλ)23 = (Eˆ
λ)24 = 0 ;
(Eˆλ)31 =
(
f
C2
+
f + Ω
2γΦ
+
f ′
C
)
F αλ ;
(Eˆλ)32 = −
(
1
2γΦ
+
C
2γΦ2
+
C2
4γ2Φ2
)
(∇λΦ) ;
(Eˆλ)33 = −
C
4γΦ
(∇λΦ) ;
(Eˆλ)34 =
(
Θ− 1
C
+
1
Φ
)
(∇ωΦ)P αβ,λω ;
(Eˆλ)41 =
f
2γΦ
F λωP
αω
ρσ +
Ω− f
2γΦ
F αωP
λω
ρσ ;
(Eˆλ)42 =
(
1−Θ
2γΦ
− C
2γΦ2
)
(∇ωΦ)P λωρσ ;
(Eˆλ)43 = 0 ;
(Eˆλ)44 =
(
1
2Φ
+
C
4γΦ
)
(∇ωΦ)
[
P λκρσ P
αβ
ωκ − Pρσ,ωκP αβ,λκ
]
+
1
2γΦ
(∇λΦ)P αβρσ ;
Πˆ11 = −
1
2
Rgρα +
(
Ω′′
Ω
+
f ′Ω′
fΩ
− 2Ω
′2
Ω2
)
(∇ρΦ)(∇αΦ) + Ω
′
Ω
(∇ρ∇αΦ)− Ω
2
2γΦ
FρλF
αλ ;
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Πˆ22 = −
Θ
2γΦ
(∇λΦ)(∇λΦ)− 1
C
V ′ +
f ′
4C
F 2 ;
Πˆ33 =
(
1−Θ
2γΦ
+
C
2γΦ2
+
C2
4γ2Φ2
)
(∇λΦ)(∇λΦ) + 1
C
(∆Φ)− 1
C
V ′
+
(
f
2C2
+
f
4γΦ
+
f ′
4C
)
F 2 ;
Πˆ44 =
[(
3C
2γΦ
+
1
Φ
)
(∇λ∇ωΦ)−
(
1
γΦ
+
2
Φ2
)
(∇λΦ)(∇ωΦ)− f
γΦ
FωνF
λν
]
P ωκρσ P
αβ
λκ
+
[(
1
2Φ
− 3C
4γΦ
)
(∆Φ) +
1
4γΦ
(∇λΦ)(∇λΦ)− R + 1
2γΦ
V +
f
8γΦ
F 2
]
P αβρσ
− f
2γΦ
F ωκF λνPρσ,ωλP
αβ
κν . (21)
Now, it is straightforward to calculate
Tr (∇λEˆλ) = ∇λ
[(
f ′
f
+
1
Φ
)
(∇λΦ)
]
=
(
f ′′
f
− f
′2
f 2
− 1
Φ2
)
(∇λΦ)(∇λΦ) +
(
f ′
f
+
1
Φ
)
(∆Φ) ;
Tr (EˆλEˆλ) =
(
f ′Ω′
fΩ
− Ω
′2
2Ω2
− C
2γΦ2
)
(∇λΦ)(∇λΦ)
+
(
f ′
C
+
f
2C2
+
f
4γΦ
+
Ω
4γΦ
− Ω
2
2γΦf
)
F 2 ;
Tr
(
R
6
1ˆ + Πˆ
)
= −2R− 2
C
V ′ +
1
γΦ
V +
(
f ′
2C
+
f
2C2
− Ω
2
2γΦf
)
F 2
+
(
Ω′
Ω
+
1
C
+
2
Φ
)
(∆Φ)
+
(
Ω′′
Ω
+
f ′Ω′
fΩ
− 2Ω
′2
Ω2
− Θ
γΦ
− 2
Φ2
+
C
2γΦ2
+
C2
4γ2Φ2
)
(∇λΦ)(∇λΦ). (22)
In absence of background vectors (F 2 = 0), Eq. (22) coincides with the corresponding
expression in [15] (but for not the ∇λEˆλ term, which has been missed in [15]). Finally,
from (20) and (22), we get
ΓGM,div = − 1
2ǫ
∫
d2x
√
g
{
2R− 1
γΦ
V +
2
C
V ′ +
[
f ′
2C
+
f
4γΦ
+
Ω
2γΦ
]
F 2
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+
[
f ′
f
− Ω
′
Ω
− 1
C
− 1
Φ
]
(∆Φ)
+
[
3Ω′2
2Ω2
− Ω
′′
Ω
− f
′2
f 2
+
f ′′
f
+
Θ
γΦ
+
1
Φ2
− C
γΦ2
− C
2
4γ2Φ2
]
(∇λΦ)(∇λΦ)
}
.(23)
In order to complete this calculation we must take into account the ghost contribution.
The ghost operator Mˆgh is defined as
Mˆ Agh B = ∇jB
δχA
δϕj
. (24)
It has for components
Mˆ∗
∗
=
f
Ω
∆+
fΩ′
Ω2
(∇λΦ)∇λ + Ω
2γΦ
AµF
µλ∇λ,
Mˆµ
∗
= − Ω
2γΦ
F µλ∇λ ,
Mˆ∗ν =
f − Ω
Ω
Aν∆+
(
fΩ′
Ω2
− 1
Φ
)
Aν(∇λΦ)∇λ + Ω
2γΦ
AµAνF
µλ∇λ
+
f
Ω
(∇νAλ)∇λ + f
Ω
(∇λAν)∇λ +
(
C
2γΦ
+
1
Φ
)
Aλ(∇λΦ)∇ν
−
(
C
2γΦ
+
1
Φ
)
Aλ(∇νΦ)∇λ + f − Ω
2Ω
RAν +
f
Ω
(∇ν∇λAλ)
+
Θ
2γΦ
Aλ(∇λΦ)(∇νΦ)− C
2γΦ
Aλ(∇λ∇νΦ) + fΩ
′
Ω2
(∇λΦ)(∇νAλ)
+
Ω
2γΦ
AµF
µλ(∇νAλ),
Mˆµν = δ
µ
ν∆+
1
Φ
δµν (∇λΦ)∇λ −
Ω
2γΦ
AνF
µλ∇λ +
(
C
2γΦ
+
1
Φ
)
(∇νΦ)∇µ
−
(
C
2γΦ
+
1
Φ
)
(∇µΦ)∇ν + R
2
δµν +
C
2γΦ
(∇µ∇νΦ)
− Θ
2γΦ
(∇µΦ)(∇νΦ)− Ω
2γΦ
F µλ(∇νAλ). (25)
As mentioned, the ghost operator is not manifestly U(1) gauge-covariant though ln det Mˆ
certainly is.
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Now we follow the usual way of calculating the ln det. (Clearly, no doubling trick is
needed, because ghost operator is simply given by (24).) Define:
MˆAB = Kˆ
A
B∆+ Lˆ
λ∇λ + PˆAB (26)
so that
(Kˆ−1)AB =
( Ω
f
Ω−f
f
Aν
0 δµν
)
, det Kˆ =
f
Ω
,
Tr 1ˆ = 1 + δµµ = 3,
and the explicit form of Lˆλ and Pˆ follows from (25). We introduce the matrices
Eˆ =
1
2
Kˆ−1Lˆλ, Πˆ = Kˆ−1Pˆ (27)
and make use of Eq. (20) to get
Γgh,div = −iTr ln Mˆgh = − 1
2ǫ
∫
d2x
√
g
{
3R− Ω
2γΦ
F 2 +
[
C
γΦ
− 2
Φ
− Ω
′
Ω
]
(∆Φ)
+
[
Ω′2
2Ω2
− Ω
′′
Ω
− Θ
γΦ
+
2
Φ2
+
C2
4γ2Φ2
+
C
γΦ2
]
(∇λΦ)(∇λΦ)
}
. (28)
The total divergent part of the effective action in the De Witt gauge is given by the sum
of (23) and (28):
Γdiv = − 1
2ǫ
∫
d2x
√
g
{
5R− 1
γΦ
V +
2
C
V ′ +
[
f ′
2C
+
f
4γΦ
]
F 2
+
[
f ′
f
− 2Ω
′
Ω
+
C
γΦ
− 1
C
− 3
Φ
]
(∆Φ)
+
[
2
Ω′2
Ω2
− 2Ω
′′
Ω
− f
′2
f 2
+
f ′′
f
+
3
Φ2
]
(∇λΦ)(∇λΦ)
}
. (29)
This expression constitutes the main result of the present section.
A few remarks are in order. First of all, after dropping the surface divergent terms
(which are kept in (29)) and putting F 2 = 0, the result (29) agrees with the calculations
done in Ref. [15], and for ξ = 0 (γ = −C/2) with the result of Refs. [13,14] in the same
gauge. The divergences of the Maxwell sector coincide with the results of Ref. [16], and
for ξ = 0 with those of Ref. [11]. As we can see, the Maxwell sector is Ω-independent.
(In fact, the Maxwell sector looks the same in the three different covariant gauges, as it
will be discussed below.)
13
Moreover, Γdiv does not depend on Θ, in accordance with the general results of Ref.
[14] (notice that Θ is a particular case of the function X(Φ) introduced in Ref. [14]).
Before discussing renormalization, let us perform the calculation of Γdiv in a different
covariant gauge, which we here call Ω-degenerate De Witt gauge. It is chosen as
χ∗ = −∇µQµ (30)
in the Maxwell sector and the covariant De Witt gauge in the pure gravitational sector
[15]:
χµ = − C
2γΦ
∇µϕ+ Θ
2γΦ
(∇µΦ)ϕ + C
4γΦ
(∇µΦ)h−∇νh¯µν − 1
Φ
(∇νΦ)h¯µν . (31)
The matrix cAB is chosen to be
cAB =
√
g
(
f 0
0 2γΦgµν
)
. (32)
The calculation can be done in direct analogy with the above case. The gravitational-
Maxwell contribution to Γdiv is given by (23) with all Ω-terms dropped. The ghost oper-
ator is again non-diagonal:
Mˆ∗
∗
= ∆ , Mˆµ
∗
= 0 ,
Mˆ∗ν = Aν∆+ (∇λAν)∇λ + (∇νAλ)∇λ + (∇λ∇νAλ) ,
Mˆµν = δ
µ
ν∆+
1
Φ
(∇λΦ)δµν∇λ + (
C
2γΦ
+
1
Φ
)∇µ
− ( C
2γΦ
+
1
Φ
) +
R
2
δµν +
C
2γΦ
(∇µ∇νΦ)− Θ
2γΦ
(∇µΦ)(∇νΦ). (33)
Using (33) we can find the ghost contribution in the form
Γgh,div = − 1
2ǫ
∫
d2x
√
g
{
3R+
[
C
γΦ
− 2
Φ
]
(∆Φ)
+
[
C2
4γ2Φ2
+
C
γΦ2
+
2
Φ2
− Θ
γΦ
]
(∇λΦ)(∇λΦ)
}
. (34)
Summing up, we find that the divergent part of the effective action in the Ω-degenerate
De Witt gauge is given by Eq. (29) discarding all Ω-dependent terms.(It does not mean
that Ω =0.Rather,one sets Ω= const and after that setting it equal to zero .Other-
wise,configuration space metric diverges.) This justifies the nickname “Ω-degenerate”
De Witt gauge given to the gauge (30)-(31).
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For completeness, we shall now write Γdiv in the simplest covariant gauge [11,16]:
χ∗ = −∇µQµ, χµ = − C
2γΦ
∇µϕ−∇νh¯µν , (35)
with the same cAB (32). An explicit evaluation in this case yields [16]:
Γdiv = − 1
2ǫ
∫
d2x
√
g
{
5R− 1
γΦ
V +
2
C
V ′ +
[
f
4γΦ
+
f ′
2C
]
F 2µν
+
[
f ′
f
+
1
Φ
− 1
C
]
∆Φ+
[
f ′′
f
− f
′2
f 2
− 1
Φ2
+
C
γΦ2
]
(∇λΦ)(∇λΦ)
}
. (36)
Thus we have calculated the one-loop divergences of the convenient effective action in three
different covariant gauges: (i) the De Witt gauge, (ii) the Ω-degenerate De Witt gauge,
and (iii) the simplest covariant gauge. We see that Γdiv is explicitly gauge dependent.
Moreover, when the term (4) is present, Γdiv depends on the parameter γ.
Let us now discuss the renormalizability of the theory off-shell. By dropping the
surface terms in Γdiv we see that all three gauges under consideration lead to the same
off-shell effective action:
Γdiv = − 1
2ǫ
∫
d2x
√
g
{
2
C
V ′ − V
γΦ
+
[
f ′
2C
+
f
4γΦ
]
F 2µν +
C
γΦ2
(∇λΦ)(∇λΦ)
}
. (37)
Adding to the classical action (1) the corresponding counterterms ((37) with the opposite
sign) we obtained the renormalized action. Choosing the one-loop renormalization of gµν
as
gµν = exp
(
− 1
2ǫγΦ
)
g˜µν , (38)
we get the one-loop renormalized action in the following form
SR = −
∫
d2x
√
g˜
[
1
2
g˜µν∂µΦ∂νΦ + CR˜Φ + V − V
′
ǫC
+
1
4
(
1− f
′(Φ)
4ǫC
)
g˜µαg˜νβFµνFαβ
]
.
(39)
The dilaton and the coupling C do not get renormalized in the one-loop approximation.
It follows from (39) that the theory under discussion is one-loop multiplicatively renor-
malizable for the families of potentials:
V (Φ) = eαΦ + Λ, f(Φ) = eβΦ + f1,
V (Φ) = A1 sinΦ +B1 cosΦ f(Φ) = A2 sinΦ +B2 cosΦ, (40)
where α, Λ, β, f1, A1, B1, A2 and B2 are arbitrary couplings. Let us recall that the black
hole solutions for the Liouville like potentials of (40) have been studied in [4-7] in the case
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of dilaton gravity with N scalars, and in [9,11] in the case of 2d dilaton-Maxwell gravity.
Notice also the fact that, in contradistinction with 4d Einstein-Maxwell theory —which is
not renormalizable [17]— in the theory under discussion we get off-shell renormalizability.
As we can see from the above calculations, in the three different gauges considered Γdiv
is given by three different expressions: the convenient effective action is gauge dependent.
However, all the differences are contanined in the surface counterterms only. If we drop
surface terms we surprisingly find that the effective action is the same in the three gauges
considered. Hence, due to some reason —and at least in the gauges under discussion
here— the gauge dependent divergences of the one-loop effective action in 2d dilaton-
Maxwell gravity are included in the surface divergences.
Let us now study the on-shell limit of the effective action. Starting from (29), inte-
grating by parts, keeping all the surface terms, and using the second and the third of the
classical field equations (2), we get the on-shell divergences of the effective action:
Γon−shelldiv = −
1
2ǫ
∫
d2x
√
g
{
3R +∆
[
ln
(
f
Φ3
)
− ln Ω2 + 1
C
Φ
]}
. (41)
Hence, one can see that the one-loop divergences of the on-shell effective action are just
given by surface terms. In other words, the one-loop S-matrix is finite as in pure dilaton
gravity. For comparison, remember that in 4d Einstein-Maxwell theory the one-loop S-
matrix is not finite [17], while it is so in 4d Einstein theory [18]. The other interesting point
to be noticed concerns the arbitrary gauge function Ω(Φ). The fact that this function
is present in (41) explicitly shows that on-shell surface divergences are gauge dependent.
Indeed, had we started from Γdiv in the Ω-degenerate De Witt gauge, we would have got
on-shell the same expression (41) without Ω terms. Using Γdiv (36) on shell again leads
to an expression different from (41) because of some surface divergences.
3 One-loop unique effective action divergences in 2d
dilaton-Maxwell gravity
In this section we will study the one-loop unique effective action for 2d dilaton-Maxwell
gravity. As is well known, this action is gauge invariant, gauge fixing and reparametriza-
tion independent. Actually, there is a whole family of unique effective actions [19-21].
However, all members of the family coincide in the one-loop approximation to quantum
gravity, so there is no need to discuss here these differences in the definition of the action
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(review articles on the unique effective action are listed in Ref. [21]). Notice, however,
that the unique effective action is configuration space metric dependent [23]. This is why,
actually, the unique effective action does not solve the gauge dependence problem of the
convenient effective action (as it had been claimed in the first works [19,20]), and the
nickname “unique” does not have a proper sense. In fact we have a gauge dependence
of the convenient effective action versus a configuration space metric dependence of the
unique effective action. The unique effective action is still a useful covariant formalism
which can add some information to the convenient effective action formalism. Moreover,
there is still a hope to construct a physical off-shell effective action which would be really
unique, along the direction started in [19,20]. Hence, the discussion of the unique effective
action in situations where it can be compared with the convenient effective action is very
useful. The finite parts of the unique effective action in 2d gravity have been considered
in Refs. [22]. The one-loop divergences in pure dilaton gravity have been obtained in
Ref. [15]. In what follows, we will generalize the calculations of Ref. [15] to the case of
dilaton-Maxwell gravity.
According to Refs. [19-21], one should add to the total quadratic expansion of the
convenient effective action (19) in De Witt’s gauge the correction
− 1
2
Γijkϕ
jϕk
δS
δϕi
, (42)
where Γijk =
{
i
jk
}
+T ijk [19-21] is the connection on the space of fields. This procedure will
give the one-loop unique effective action. (Notice that as a consequence of the classical
equations of motion the correction (42) is zero on-shell.)
Now we proceed with the calculation of the corrections introduced by (42). Notice
that it is more convenient to use in what follows the dynamical variable hµν , and not
h¯µν and h. The index i in (42) runs through {Qµ, ϕ, hµν}. For the configuration space
metric (6), the Christoffel symbols
{
i
jk
}
can be easily calculated. Part of them are listed
in Ref. [15] (Eq. (26)); those do not change. We will write below the remaining non-zero
components which appear in dilaton-Maxwell gravity:{
Qα
ϕ Qµ
}
=
Ω′
2Ω
δµα,
{
Qα
Qµ hρσ
}
= −1
2
gλαP
λµ,ρσ,
{
hµν
Qα Qβ
}
=
Ω
2γΦ
P αβµν −
Ω′
2C
gµνg
αβ. (43)
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Now, as has been discussed in [15] the local correction is given by
ΓV Dloc = −
1
2ǫ
∫
d2x
√
g
[(
Kˆ−1
)ij { k
i j
}
S,k
]
, (44)
where Kˆ−1 is the same as before (see Eq. (17) but in new variables. In our case we easily
get
ΓV Dloc = −
1
2ǫ
∫
d2x
√
g
{
R +
1
C
V ′ +
[
1
γΦ
+
1
CΦ
− 2Θ
C2
+
Ω′
Cf
]
V
+
[
2Θ
C
− 1
C
− 1
Φ
− C
γΦ
− Ω
′
f
]
(∆Φ)
+
[
Θ
2C2
− 1
4γΦ
− 1
4CΦ
+
f ′ − Ω′
4Cf
]
fF 2
}
. (45)
Now let us proceed with the evaluation of the non-local Vilkovisky-De Witt correction
connected with the torsion T ijk in (42). The generalized Schwinger-De Witt technique
(see [26] for details) is very useful in this case. The application of this technique is based
on having a De Witt covariant gauge, what we actually do (Sect. 2). As it has been
discussed in detail in Ref. [15], the torsion (non-local) Vilkovisky-De Witt correction to
the effective action in De Witt’s gauge is given by
Γτ,div = − i
2
Tr Uˆ1|div, (46)
where
UˆA1B = Nˆ
AA′∇iA′
(
Di∇jA′′
)
S,j Nˆ
A′B′c
B′B
, NˆAB =
(
NˆAB
)
−1
,
NˆAB = −CAA′MˆA′ghB = −Ω
√
g
 1 Aµ
Aν AµAν + 2γΦ/Ω
∆+ · · · (47)
where Mˆgh and cAB are given by (25) and (9), respectively, ∇jB are the gauge generators,
Di the covariant derivative in the space of fields (Di is constructed with the Christoffel
symbols), and the lower derivative terms in the third expression (47) may be discarded.
Introduce the notations
cA(x)B(y) ≡ cAB(x) δ(x− y),
∇i(x)A(y) = tiA∇xδ(x− y) + . . . ,
NˆA(x)B(y) = NAB(x) 1
∆x
δ(x− y) + . . . , (48)
Di(x)∇j(y)A(z) = DjiA(y)δ(y − z)∇yδ(y − x) + · · · ,
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where the lower order derivatives may again be omitted. Then, the divergent structure of
Uˆ1 becomes evident (see Ref. [15])
Uˆ
A(x)
1B(y) = UAB (x)∇x∇x
1
∆2x
δ(x− y) + . . . ,
UAB = −NAA
′
tiA′Dji A′′S,j NA
′′B′c
B′B
, (49)
and [26]
∇µ(x)∇ν(x) 1
∆2x
δ(x− y)
∣∣∣∣
y→x
−→ − i
2ǫ
√
g(x) gµν(x). (50)
The functional trace in (46)
Tr . . . ≡
∫
d2x
∑
A
lim
y→x
. . . , (51)
can be performed to yield
UAA = −RABtiBDjiAS,i , (52)
RAB = NAA′c
A′B′
NB′B = 1
2γΦ
√
g
( 2γΦ
f
+ AλAλ −Aν
−Aµ gµν
)
.
Calculating the covariant derivatives and using (46) and (49)-(52), we obtain
Γτ,div = − 1
2ǫ
∫
d2x
√
g
{
1
C
√
g
δS
δΦ
+
(
Ω′
2Cf
+
1
CΦ
− Θ
C2
)
1√
g
gµν
δS
δgµν
}
= − 1
2ǫ
∫
d2x
√
g
{
−R − 1
C
V ′ +
[
Θ
C2
− 1
CΦ
− Ω
′
2Cf
]
V
+
[
Ω′ − 2f ′
8C
+
f
4CΦ
− fΘ
4C2
]
F 2 +
[
Ω′
2f
+
1
C
+
1
Φ
− Θ
C
]
(∆Φ)
}
. (53)
The total Vilkovisky-De Witt correction to the divergent part of the effective action (29)
is given by the sum of (45) and (53). Notice that this sum vanishes on shell and that,
discarding the Maxwell sector, it coincides with the result obtained in Ref. [15].
Finally, the one-loop unique effective action is given by the sum of (29), (45), and
(53):
Γunique,div = − 1
2ǫ
∫
d2x
√
g
{
5R +
2
C
V ′ +
[
Ω′
2Cf
− Θ
C2
]
V
+
[
f ′
2C
− Ω
′
8C
+
fΘ
4C2
]
F 2
19
+
[
f ′
f
− 2Ω
′
Ω
− Ω
′
2f
+
Θ
C
− 1
C
− 3
Φ
]
(∆Φ)
+
[
2
Ω′2
Ω2
− 2Ω
′′
Ω
− f
′2
f 2
+
f ′′
f
+
3
Φ2
]
(∇λΦ)(∇λΦ)
}
. (54)
It is evident that the unique effective action (54) on-shell leads to the same expression
(41) as the convenient effective action (29). The configuration space metric dependence
(through the arbitrary functions Θ(Φ) and Ω(Φ) is seen explicitly in (54).
What about the renormalization of the unique effective action off-shell? Choosing the
renormalization of gµν as
gµν = exp
[
Ω′
4Cǫf
− Θ
2C2ǫ
]
g˜µν , (55)
we get the renormalized effective action in the form
SR = −
∫
d2x
√
g˜
[
1
2
g˜µν∂µΦ∂νΦ + CR˜Φ+ V (Φ)− V
′
ǫC
+
1
4
(
1− f
′(Φ)
ǫCf(Φ)
)
g˜µαg˜νβFµνFαβ
]
. (56)
Thus, the one-loop renormalization of the metric tensor (55) in this case is different
from the one corresponding to the convenient effective action formalism. However, the
renormalized effective action (56) looks exactly the same, and leads to the same class of
renormalizable dilaton and Maxwell potentials as given in (40).
4 Conclusions
Summing up, we have discussed the one-loop renormalization structure of 2d dilaton-
Maxwell gravity. The one-loop convenient effective action has been found in three differ-
ent covariant gauges. However, the gauge dependence appears only in surface divergent
terms. Moreover, the on-shell effective action is given by surface divergent terms only
(on-shell finiteness); however, these terms are still gauge dependent. The one-loop diver-
gences of the unique effective action —which is known to be gauge fixing independent
and parametrization independent— have been found. This effective action is explicitly
demonstrated to be configuration space metric dependent.
The off-shell renormalizability leads to the same renormalizable dilaton and Maxwell
potentials both for the case of the convenient and for the unique effective action. It is
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very interesting to notice that the heterotic string effective action is described as just a
particular case of the renormalizable dilaton-Maxwell theory (1). It would be important
to examine 2d quantum cosmology [30] for this renormalizable model.
The other topic which deserves further study has to do with the generalization of
the model to include other dilaton-matter systems. As we show in the Appendix for the
case of the 2d dilaton-Yang-Mills theory, there appears only a trivial (surface divergence)
correction to the one-loop effective action, as compared with the dilaton-Maxwell theory.
Hence, there are no loop corrections from the gravitational coupling C to Yang-Mills
coupling (which is dimensional). However, if we add fermions to the theory, we can expect
such corrections to appear in the four-fermion coupling [28] and in the Pauli coupling [29].
Both these coupling constants are dimensionless and this would not be in contradistinction
with renormalizability. Moreover, the chiral anomaly structure can be very interesting in
this case. Work along this line is in progress.
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A Appendix
In this Appendix we extend the calculations of Sect. 2 to the case of dilaton-Yang-Mills
gravity. We start again from action (1) with the only change of Fµν by F
a
µν , where
F aµν = ∇µAaν −∇νAaµ + fabcAbµAcν , (57)
being fabc antisymmetric, and the gauge group is chosen to be simple and compact (for a
recent discussion of 2d quantum gauge theory see [27] and references therein).
The background field method will be employed, exactly as in Sect. 2 (only Qµ must
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be substituted by Qaµ) and the simplest covariant gauge is considered, where
cAB =
√
g
(
fγab 0
0 2γΦgµν
)
, (58)
and γab = −f cadf dbc is the positive Killing metric. The calculation can be repeated along
the same lines as in Sect. 2 (see also Ref. [16]). Actually, only the QQ-sector is going to
change. In comparison with [16], the following components of Eˆλ and Πˆ are different
(Eˆλ)11 =
f ′
2f
δab
[
gαλ(∇ρΦ)− gλρ (∇αΦ) + gαρ (∇λΦ)
]
,
Πˆ11 = 2f
a
cbF
c α
ρ − δabRαρ . (59)
Finally, we obtain the following expression for the one-loop effective action
Γdiv = − 1
2ǫ
∫
d2x
√
g
{
R(N + 4) +
2
C
V ′ − 1
γΦ
V +
(
f ′
2C
+
f
4γΦ
)
F a 2µν
+N
(
f ′
f
+
1
Φ
− 1
NC
)
(∆Φ)
+N
(
f ′′
f
− f
′2
f 2
− 1
Φ2
+
C
NγΦ2
)
(∇λΦ)(∇λΦ)
}
, (60)
where N = δaa, and in evaluating the ghost contribution we have taken into account that
Γgh,div is given by the corresponding expression from Ref. [16], with the only change of
the R-term by R
3
(N + 8) (in the Abelian case N = 1).
In fact, we have shown that the as long as Qaµ does not mix with the other fields via
gauge conditions, the non-Abelian case may be obtained from the Abelian one by adding
quite simple corrections, δΓ,
δΓ = −N − 1
2ǫ
∫
d2x
√
g
{
R +∇λ
[(
f ′
f
+
1
Φ
)
(∆Φ)
]}
. (61)
A most remarkable point is that this correction is just a surface term.
In particular, for the Ω-degenerate De Witt gauge, the one-loop effective action in 2d
dilaton-Yang-Mills gravity is given by the sum of (60) and of expression (29) with the
Ω-terms excluded. The calculation of the unique effective action in 2d dilaton-Yang-Mills
gravity is more complicated and will not be done here.
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